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ABSTRACT

The common used fractal dimension can be termed as ordinary one. This kind of dimension value is a constant, and its graphic representation is a straight line representing a linear relationship between the length of the measured curve and measure step distance in log-log coordinate system.  To correctly represent the natural phenomena characterized with the nonlinear property, the author proposed Extended Fractal Dimension (EFD) which is no more a single constant value but a sigmoid function. To modeling the sigmoid curve the author proposed Cubic Polynomial with Two Zero Derivatives at Two End Points and proceeded application experiments.
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1 Extended Fractal Dimension (EFD) Function

1.1 The Disadvantages of Ordinary Fractal Dimension

(1) One fractal object corresponds to one fractal dimension value. But the converse theorem does not exist, i.e. the 1:1 correspondent relationship between the fractal object and its dimension value does not exist. This means that only the single dimension value alone can not define a certain object uniquely.

(2) The relationship between measured results and measure step distance in log-log coordinate system is shown as a straight line. Thus the relationship is linear. But in the nature, there are a lot of fractal objects which own variable dimension values as a continuous function. This is a nonlinear relationship. The graphic of the dimension value distribution has a sigmoid form in general. The ordinary fractal dimension value that is a value of slope of straight line which represents the middle part of the sigmoid. In this case both front and rear parts of sigmoid have been abandoned.
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1.2 Existence of Sigmoid Distribution 

1.2.1 In The Pure Mathematical Fractals
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(a) Normal Koch curve                (b) Modified Koch curve         (c) Random Koch curve
Fig.1 Polymorphism of Koch curve

Fig.1 (a) and Fig.1 (b) have no need of further explaining their property because the Figure’s name itself can clear interpret the Figure characteristics. 

For Fig.1(c), the introduction of random factor can increase the diversity of Koch curve. At first level the existence of one tip which has 2 possibilities: upward and downward. At second level, the tip possibilities will be
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. At 3rd level, the tip possibilities will be
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 EMBED Equation.3  [image: image7.wmf]2
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. For the n-th level, the tip possibilities will be
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 EMBED Equation.3  [image: image9.wmf]1
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. For example, at 4th level, the tip possibilities = 285. Fig.1(c) is one of the 285 possibilities. But the 285 graphics can have the same complexity , therefore , they can own the same fractal dimension value（Chen Yong, Chen Ling,1998）. 

Here the fact that the different graphics can have the same dimension value has been seen again and the situation becomes considerably surprising.
1.2.2 Full Use of Observation Data

In ordinary fractal dimension the front and rear parts of sigmoid have been abandoned. Therefore, for fully using the observed data it is necessary to take the whole especially including the front and rear sections sigmoid distribution into consideration. The new situation will bring up the extension of ordinary fractal dimension.

1.2.3 In The Field of Cartometry
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A. K. Маловичко has carried out a cartometric investigation in 1951. He has got a serie of cartometric results (table 1). The graphic representaion of the measured results is presented in Fig.2.
Fig. 2 The Sigmoid Distribution of

 Measured Results

This is a good example of sigmoid distribution.

As in 1.2.1 mentioned above, there is one such phenomenon in the nature that one dimension value corresponding to a lot of objects. 

Table 1. Curve Lengths and Map Scales (Маловичко ,1951)

	Map scales

1: M
	1:50000T
	1:30000T
	1:10000T
	1:5000T
	1:2000T
	1: 600T
	1:150T

	Curve lengths

L (km)
	1780
	1830
	1960
	2020
	2280
	2485
	2650


      * T=1000

1.2.4 The Aspects of Extension of Fractal Dimension

This can bring about difficulty in description of geo-features using a single (constant) �value of fractal dimension. Therefore, it is necessary �to �perform extension from� ordinary constant dimension value to variable one which can be considered as a function �of measure step lengths. �In this paper �the �author �proposed� principles and methods to establish the inverse S shaped curve �function� and to examine the suitability of this model for enhancing the ability of EFD describing complex phenomena. 

1.2.4.1 Theoretical Representation of Extended Fractal

Let the coursing measure or observation measure be r , and the observed object number be N(r) , then according to the definition of Hausdorff dimension the following relationship can be established (高安秀树，1994):
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In general , D(r) can be understood as the slope of tangent at point ( lnr , lnN(r)) of function lnN(r)=f(lnr) which is plotted in ln – ln coordinate system for data pairs ( lnr , lnN(r)) :  
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Solving above differential equation: 
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1.2.4.2 Adding New Parameter for Describing Fractals 

It has been mentioned that one single dimension value of ordinary fractal is unable to describe the spatial feature as desired. For example, in figure 3 the curve sections (A-B), (B-C), (C-D), (D-E) are the same pattern repressed in different enlargements. Thus these sections have same fractal dimension value. Therefore the necessity of adding new parameter to more completely describe the fractal object is inevitable. 
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Fig.3 Curve Sections Having the Same Sinuosity Coefficient and Dimension Value

2. The Mathematical Models Representing the Sigmoid Distribution
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The curve in Fig.2 is an obvious inverse S shaped curve – Sigmoid. They can be fitted by Gompertz and Logistic equations. For fitting the sigmoid of observed data, the author has proposed a cubic polynomial with two zero derivatives at the two end points. 
Let the cubic polynomial be expressed as that:
[image: image14.wmf]23

yabxcxdx

=+++

        (4)
At first, normalize the formula (4) that the x values locate in the interval [0-1], i.e. xmin=0, xmax=1. Secondly, at two end points the derivatives will become horizontal asymptote (shown as in Fig. 4), i.e. at this time the two derivatives equal zero (for x=0, and x=1):
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In this case as x=0， b=0；x=1， b+2c+3d=0。Because b=0，it brings to

 c= -1.5d.                                (6)

Substitute b=0，c= -1.5d into(4)，there will be the basic form of  cubic  polynomial  with two zero derivatives at two end points：
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To prove that the equation represents a sigmoid curve, it must prove the existence of inflection point. Thus from the 1st derivative of equation (5) the secondary derivative will be:
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Considering formula (6)
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, the secondary derivative becomes:
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For inflection point the secondary derivative should equal zero. From this condition can obtain the abscissa of inflection point:

                  xinf = 0.5, yinf = 
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 This means not only the existence of inflection point but also that this curve has symmetric shape.

3. Numerical Approaches to Creating the Extended Fractal Model �

3.1 Analysis of Model Mechanism   

For the irregular (random) fractals in nature there is not strict similarity .The clear similarity exists only in a given interval or there is a statistic similarity.  For the map measure the smallest measure step dmin can not less than 0.1mm. The largest step value dmax can not be
[image: image21.wmf]¥

, as well as can not be larger than straight line connecting the end points of the given curve.  At the same time the measure result must be a finite value. Infinite measure result would be impermissible. Therefore the measure step value and the measure result both must be finite or limited.

���� �The sigmoid relationship considering both the front and rear parts can be called < Extended Fractal Dimension (EFD)> that represents a nonlinear relationship and the tangent of slope at any point is a variable. Extended Fractal Dimension represents more general situations and will obtain more universal importance.��                                           
   In practice the step’s sequence should be normalized, i.e. the dmin can be accepted as 0.1mm(constant) for all linear objects, but the dmax should specified depending on the maximal length of object itself (variable). This is an adaptive implementation approach. The normalization method is similar to what is in CAD accepted.

3.2 Numerical Experiments

3.2.1 The Minimal Curve Length 

(1) For curves whose trend line likes the straight one the length of the trend line can be taken as the minimal length of this curve (Fig. 6(a)).
�
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�� (a) Global form:         (b) Global form:           (c) Global form:                  (d) Global form:  

�    straight line             single sided convex hull     double sided convex hull           convex hull

�Fig.5 The Minimal Lengths for Different Curve Objects

(2) For curves which locate at one side of straight line connecting the end points of the curve, the length of the single sided convex hull can be taken as the minimal length of these curves (Fig. 5(b)).
(3) For curves which locate at both sides of straight line connecting the end points of the curve, the length of segments connecting the points of convex hull in the sequence of curve coordinates can be taken as the minimal length of these curves (Fig. 5(c)).
(4) The minimal curve length of closed curves will be the length of its convex hull (Fig. 5(d)).
3.2.2 The Maximal Curve Length

The maximal curve length can be calculated by densities coordinates with minimal distance (0.1mm on the map at given scale between adjacent points). 

3.2.3 Determination of Measure Steps

After the determination of the minimal length Lmin and maximal length Lmax of the curve, the measure step length stepv(i)  can be calculated as follows:

              Stepv(i)=exp(logstep(i)                         (11)

              Logstep(i)=log(0.1)+(N-1)dstep                  (12)

              dstep=
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Here N is the number of step values with each of which the curve should measured. In general, N=20.

3.2.4 Data Processing of Measured Results

Author has conducted several measurements of fractal curves and fitted the measured data by the cubic polynomial suggested above (Fig.6).
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Fig.6 Numerical Experiments and Representation by Extended Fractal Function

3.2.5 Determination of Non-Scaling Interval for the Ordinary Fractal Dimension

For extended fractal dimension it has no need to find the non-scaling interval. But from the extended fractal dimension the non-scaling interval for the ordinary fractal dimension can be determined automatically and approximately (Fig.7).

[image: image48.wmf]y

a

a-d/2

x

0


In Fig.7 the points M, N are the two maximal offset points of curve from the straight line AB. The two abscissas d 1 and d 2 can be considered as the lower and upper limit points of the non-scaling interval respectively. For solving the problem it is necessary to build the equation of straight line AB and to determine the coordinates of the maximal offset points M and N, they are:
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3.2.6 Structure Analysis of Extended Fractal 

Because the extended fractal represents the total information range of measurements, therefore, it discovers more information hierarchies (Fig.8): 

(1) Textural fractal (dmin-d1): it describes the fine structure and textural characteristics.

(2) Structure fractal (d1-d2): it describes the section in which exists strict self-similarity.

(3) State fractal (d2-dmax): it describes the general trend of fractal variation.

This partition of extended fractal has made the essential extension of ordinary fractal. It gives new definition for sections beyond the so called non-scaling interval toward both directions. 

4. Description of Fractals by Multi-parameters

B. Mandelbrot in 1968  proposed fractional Brownian motion (fBm)  to describe random fractal phenomena though two parameters (
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(a) The Original Fractal Curve                        (b) Forming the Global Trend Line                              
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(c) The Developed Curve of Fig.8 (d)

Fig.8 The preprocessing of map curve for using the fBm method

Here H – Hurst exponent which is a parameter of self-similarity. 
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- mean square error. The smaller the H value is, the more the graphic to be broken. 
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plays a role to influence the vertical proportion. H and 
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 together can completely determine the complexity of a graphic. H has a relation with fractal dimension: D=n+1-H (n – topological dimension, D – fractal dimension). 

In the following the author has given the calculation procedure shortly:

Let the coordinates of a curve be (x i, y i ),   i = 0,1,2,..., n (Fig.9(a)) , after forming the global trend line(Fig.9(b) a developed curve line can be obtained(Fig.9(c)) by which the fBm algorithm can be implemented. The transformed coordinates will be denoted still by (xi,yi), i=0,1,2,..., n 。

In the following section the formulas of calculation of the parameters H and 
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are given directly as follows without the intermediate derivation procedures:


[image: image42.wmf]å

å

å

å

å

=

=

-

=

+

-

=

+

=

-

+

-

-

-

+

-

=

n

k

n

k

k

n

i

i

k

i

k

n

i

i

k

i

n

k

y

y

k

n

Ln

Lnkh

n

y

y

k

n

Ln

Lnkh

H

1

1

1

1

1

/

|)]}

|

1

1

(

][

[

1

|))

|

1

1

(

)

(

{

（

    
[image: image43.wmf]å

å

=

=

-

n

k

n

k

Lnkh

n

Lnkh

1

1

2

2

)}

)

(

(

1

)

(

{

                                  (15)


[image: image44.wmf]å

å

å

=

=

-

=

+

-

-

+

-

=

n

k

n

k

i

k

n

i

k

i

Lnkh

n

H

y

y

k

n

Ln

n

LnC

1

1

1

)

(

1

)

|

|

1

1

(

1

                  (16)

Therefore
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5. Basic Application Conception of Extended Fractal

5.1 Creating the Extended Fractal for Every Fractal Object

Measuring the all map features (graphics and notations) by box counting or walk structured step method in a given geo-database which can be considered as large scaled. The measurements should be carried out with different step lengths. 

5.2 Establishing the Extended Fractal for Every Feature Class

This process is to group the feature fractals to be belonging to the corresponding feature class. 

5.3 Building the Extended Fractal for the Whole Geo-Database  


The result measured with minimal walking step corresponds to the given original geo-database. The bigger the walking step, the smaller the scale to which the new geo-database corresponds. This process is to establish the extended fractal distribution of database loads (total content) respect to views with faster and faster distances. 
5.4 Generalization Procedure by EFD
(1) Determination of the total capacity of new database.

(2) Determination of the capacity for every feature class.

(3) Realizing the structured allocation of each of selected object.
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Fig.4 Cubic Polynomial with Two Zero Derivatives at Two End Points
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Fig.7 Automatic Determination of Non- Scaling Interval and Structure Analysis of Extended Fractal
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